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Vector Formulas 

Magnitude of the vector 𝐯 =  〈𝑣1, 𝑣2, … , 𝑣𝑛 〉 

|𝐯| = √𝑣1
2 + 𝑣2

2 + ⋯+ 𝑣𝑛
2 

Angle between vectors 

  cos 𝜃 = (
𝐮∙𝐯

|𝐮||𝐯|
) 

Projection of u onto v 

proj𝐯𝐮 = (
𝐮 ∙ 𝐯

|𝐯|𝟐
) 𝐯 

Cross product 

𝐮 × 𝐯 = (|𝐮||𝐯| sin 𝜃)𝐧 

𝐮 × 𝐯 = |
𝐢 𝐣 𝐤
𝑢1 𝑢2 𝑢3

𝑣1 𝑣2 𝑣3

| 

Box product 

(𝐮 × 𝐯) ∙ 𝐰 = |

𝑢1 𝑢2 𝑢3

𝑣1 𝑣2 𝑣3

𝑤1 𝑤2 𝑤3

| 

 

Motion in Space 

Position vector 

𝐫(t) = 〈𝑥, 𝑦, 𝑧 〉 = 〈𝑓(𝑡), 𝑔(𝑡), ℎ(𝑡) 〉 

Velocity vector and tangent vector 

  𝐯 =
𝑑𝐫

𝑑𝑡
      𝐓 =

𝐯

|𝐯|
 

Normal vector  

𝐍 =
𝑑𝐓 𝑑𝑡⁄

|𝑑𝐓 𝑑𝑡⁄ |
 

Binormal vector 

𝐁 = 𝐓 × 𝐍 

Curvature 

  𝜅 =
1

|𝐯|
|
𝑑𝐓

𝑑𝑡
| =

|𝐯 × 𝐚|

|𝐯|3
 

Torsion 

𝜏 =  −
𝑑𝐁

𝑑𝑠
∙ 𝐍 =   

|

𝑥̇ 𝑦̇ 𝑧̇
𝑥̈ 𝑦̈ 𝑧̈
𝑥 𝑦 𝑧

|

|𝐯 × 𝐚|2
 

Tangential and normal scalar components of 

acceleration 

𝐚 = 𝑎T𝐓 + 𝑎N𝐍 

𝑎T = 
𝑑

𝑑𝑡
|𝐯|  and  𝑎N =  √|𝐚|2 − 𝑎T

2 

Length of a curve 

𝐿 = ∫ |𝐯|
𝑏

𝑎

𝑑𝑡 

Arc length parameter with base point 𝑃(𝑡0) 

𝑠(𝑡) = ∫ |𝐯(τ)|
𝑡

𝑡0

𝑑𝜏 

 

Lines and Planes in space 

Distance from a point S to a line through P, parallel to v 

  𝑑 =
|PS⃑⃑⃑⃑  ⃑ × 𝐯|

|𝐯|
 

Distance from a point S to a plane with normal n 

𝑑 = |PS⃑⃑  ⃑ ∙
𝐧

|𝐧|
| 

 



  Functions of Several Variables 

Implicit Differentiation: If 𝐹(𝑥, 𝑦) = 0 defines y as a 

differentiable function of x, then at any point where 

𝐹𝑦 ≠ 0, 

  
𝑑𝑦

𝑑𝑥
= −

𝐹𝑥

𝐹𝑦
 

Directional derivative at a point 𝑃0 

(𝐷𝐮𝑓)𝑃0
= (

𝑑𝑓

𝑑𝑠
)
𝐮,P0

= ∇𝑓(𝑃0) ∙ 𝐮 

Tangent plane to 𝑓(𝑥, 𝑦, 𝑧) = 𝑐 at 𝑃0(𝑥0, 𝑦0, 𝑧0) 

𝑓𝑥(𝑃0)(𝑥 − 𝑥0) + 𝑓𝑦(𝑃0)(𝑦 − 𝑦0) + 𝑓𝑧(𝑃0)(𝑧 − 𝑧0) = 0 

 

Linearization of a function 𝑓(𝑥, 𝑦) at 𝑃0(𝑥0, 𝑦0) 

 𝐿(𝑥, 𝑦) =  𝑓(𝑥0, 𝑦0) + 𝑓𝑥(𝑥0, 𝑦0)(𝑥 − 𝑥0) +

𝑓𝑦(𝑥0, 𝑦0)(𝑦 − 𝑦0) 

 

First Derivative Test 

If 𝑓(𝑥, 𝑦) has a local max or min at an interior point 

(𝑎, 𝑏) and if the first partial derivatives exist there, then 

𝑓𝑥(𝑎, 𝑏)  = 0  and  𝑓𝑦(𝑎, 𝑏)  = 0 

Second Derivative Test 

If   𝑓𝑥(𝑎, 𝑏)  =  𝑓𝑦(𝑎, 𝑏)  = 0, then 𝑓(𝑎, 𝑏) is a: 

1)  Local maximum if 𝑓𝑥𝑥 < 0  and  𝑓𝑥𝑥𝑓𝑦𝑦 − 𝑓𝑥𝑦
2 > 0 

2)  Local minimum if 𝑓𝑥𝑥 > 0  and  𝑓𝑥𝑥𝑓𝑦𝑦 − 𝑓𝑥𝑦
2 > 0 

3)  Saddle point if 𝑓𝑥𝑥𝑓𝑦𝑦 − 𝑓𝑥𝑦
2 < 0 

4) The test is inconclusive if 𝑓𝑥𝑥𝑓𝑦𝑦 − 𝑓𝑥𝑦
2 = 0 

Lagrange Multipliers 

To find the extreme values of 𝑓 subject to the 

constraint 𝑔 = 0, solve the system of equations given 

by  ∇𝑓 = 𝜆∇𝑔 and 𝑔 = 0. 

 

Multiple Integrals 

Double Integral in Polar Form 

∬𝑓(𝑟, 𝜃) 𝑟 𝑑𝑟 𝑑𝜃

 

𝑅

 

Triple Integral in Cylindrical Form 

∭𝑓 𝑑𝑧 𝑟 𝑑𝑟 𝑑𝜃

 

𝑅

 

Triple Integral in Spherical Form 

∭𝑓 𝜌2  sin 𝜙 𝑑𝜌 𝑑𝜙 𝑑𝜃

 

𝑅

 

Mass 

𝑀 = ∭𝛿 𝑑𝑉

 

𝑅

 

First Moments 

𝑀𝑥𝑦 = ∭ 𝑧 𝛿 𝑑𝑉
 

 
       𝑀𝑥𝑧 = ∭ 𝑦 𝛿 𝑑𝑉

 

 
 

𝑀𝑦𝑧 = ∭𝑥 𝛿 𝑑𝑉

 

 

 

Center of Mass (3D) 

𝑥̅ =
𝑀𝑦𝑧

𝑀
         𝑦̅ =

𝑀𝑥𝑧

𝑀
       𝑧̅ =

𝑀𝑥𝑦

𝑀
 

Inertia where r is the distance to axis of rotation  

∬𝑟2 𝛿 𝑑𝐴

 

𝑅

               ∭𝑟2 𝛿 𝑑𝑉

 

𝑅

 

Inertia about the origin (2D) 

𝐼0 = 𝐼𝑥 + 𝐼𝑦 

 



 

Integration in Vector Fields 

Line Integrals 

∫𝑓(𝑥, 𝑦, 𝑧) 𝑑𝑠 = ∫𝑓(𝑔(𝑡), ℎ(𝑡), 𝑘(𝑡))√(
𝑑𝑥

𝑑𝑡
)
2

+ (
𝑑𝑦

𝑑𝑡
)
2

+ (
𝑑𝑧

𝑑𝑡
)
2

𝑑𝑡

𝑏

𝑎

 

𝐶

 

Line Integral over a vector field  (work, flow, and circulation) 

∫𝐅 ∙ 𝐓

 

𝐶

 𝑑𝑠 = ∫𝐅 ∙
𝑑𝐫

𝑑𝑠

 

𝐶

𝑑𝑠 = ∫𝐅 ∙ 𝑑𝐫

 

𝐶

 

= ∫𝐅(𝐫(𝑡)) ∙
𝑑𝐫

𝑑𝑡
𝑑𝑡 = ∫(𝑀

𝑑𝑥

𝑑𝑡
+ 𝑁

𝑑𝑦

𝑑𝑡
+ 𝑃

𝑑𝑧

𝑑𝑡
) 𝑑𝑡 = ∫𝑀𝑑𝑥 + 𝑁𝑑𝑦 + 𝑃𝑑𝑧

 

𝐶

𝑏

𝑎

𝑏

𝑎

 

 

Circulation and Flux 

Green’s Theorem (Tangential Form, Circulation around 

piecewise smooth, simple closed curve 𝐶 in the plane) 

∮  𝐅 ∙ 𝐓 𝑑𝑠 =

 

𝐶

∮  𝑀𝑑𝑥 + 𝑁 𝑑𝑦 =

 

𝐶

 ∬(𝑁𝑥 − 𝑀𝑦) 𝑑𝑥𝑑𝑦

 

𝑅

 

Green’s Theorem (Normal Form, Flux across piecewise 

smooth, simple closed curve 𝐶 in the plane) 

∮𝐅 ∙ 𝐧 𝑑𝑠 = ∮  𝑀𝑑𝑦 − 𝑁 𝑑𝑥 =

 

𝐶

 

𝐶

∬(𝑀𝑥 + 𝑁𝑦) 𝑑𝑥𝑑𝑦

 

𝑅

 

Stokes’ Theorem (Circulation around piecewise smooth 

boundary curve 𝐶 around the piecewise smooth surface 

𝑆 in space) 

∮𝐅 ∙ 𝑑𝐫 = ∬(∇ × 𝐅) ∙ 𝐧 𝑑𝜎

 

𝑆

 

𝐶

 

Divergence Theorem (Flux across a piecewise smooth 

surface S in space) 

∬𝐅 ∙ 𝐧 𝑑𝜎 = ∭∇ ∙ 𝐅 𝑑𝑉
 

𝐷

 

𝑆

 

 

 

 

 

Surface Integrals 

∬𝐺(𝑥, 𝑦, 𝑧)𝑑𝜎

 

𝑆

 

Explicit Form 

∬𝐺(𝑥, 𝑦, 𝑓(𝑥, 𝑦))√𝑓𝑥
2 + 𝑓𝑦

2 + 1𝑑𝐴

 

𝑆

 

Implicit Form 

∬𝐺(𝑥, 𝑦, 𝑧)
|∇𝐹|

|∇𝐹 ∙ 𝐩|
 𝑑𝐴

 

𝑆

 

Parametric Form 

∬𝐺(𝑓(𝑢, 𝑣)), 𝑔(𝑢, 𝑣), ℎ(𝑢, 𝑣))|𝐫𝑢 × 𝐫𝑣| 𝑑𝐴

 

𝑆

 

 

 


